
 4.4Controlled operators 4.9 Implementation of controlled operators
4.4.1 cantolled notgate
So for we have disused single qubit operates

From now we will concern the multi qubit operation

In particular Controlled operator C

Tet.CATCEE
Recall the definition of classical controlled not gate

a b XORa b

It applies notgate onto target bit t if andonly if the control bit is 1

From this we may introduce the quantum Not get as follows

bobo bos It applies Pauli Xgate to a target qubitb.SI bobbi
based on the antol qubit

hereare three more variants of standard c not gate

bono bos bob a bos bot bobb s bot bombs
Ib bobbi bisbee barbi bsedanbis bSets bis

4

With respect to the standard basis loos 01 10 1 173 Not gate has

matrix representation 89
y changing the basis we can prove the equivalence between stndad Not

and its variant
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and NOTDay CNOT lost CNUTlo 1st not lost CN에115

foot 01st 113 t 10 e Dries9in n 자
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once CNUT operator exchanges the first qubit if and only it thesecond qubit

is xs This implements 一 凹
1.2

Similay art can be implemented as follows

go.co.cr9 田 一一

1 一一 a

Controlled U operators

Wemay generalized the Cat led notgate into controlled Ugate

Apply U to the target qubit depending on the control qubit being on 1

How can we implement such mechanism

we can onlydo
apply unitaryoperator to singlecubit

NOTgate That'swhere decomposition than kicks in



By thm4.3.33 뭐given Unitary operator U JER AB C unitary single gubitoperator

such tat U e AXBXC and ABC I

ron this decomposition them we can implement controlled U cate as follows

I Et
h 0 田一回

n this implementation If controlqubit is os the circuitGplies A Bit to targetqubit

If controlqubit is 1 the circuit applies eAxBed to targetqubit

shy this them One ion implement controlled K Z S T operators

Generalized control operators

ow we present the mostgeneral antolled operators

et's begin with an example bo bos

밊3 o
bD
bs

b3 b

b4
UO ju bass

b5

by bos

his operatoracts each qubits as bo b bp not changed

hp.bz not changed control qubits

baby
G
babs if base or be to

U
2

baby if bites and b to



Formally we describe general controlled operators on Hn as follows

ftd Let Co C T be pairwise disjoint subsets of the index set En

Let me lil so and let Test ttl ttm 13 with ten

Let U be unitary operator on Him

Ther the liner operator C Tu is defined by its action on computational

basis of Hn as follows C Tullbobiebns
lbo bt.SU lhe betmn btm bn

where c 藏 一

bits
Two natural question arises

Why do we restrict T to be corsequtime integers

AlForshplicity Ushy Swapgate Chapter4.5 wemaydrop this assumption

How can we implement this Now U isnot a single qubit unitary operator

A Wedeal it at chapter4.9

ith this notation the example above can be written as 2.14.540

M Ilast Several important instaces ofgeneralized controlled operators
Quantum ofoli gets cont gate as t.tt Cos

age ascioi2xytst.CI ts



C Cul operators

let me n k forany emptional bas's Co Cryto tmn

C culfco canto tm.s.co GensUe lo tm.is
or equivalently Choik73 sk kimiyo

With this concept he may write coot gate ctn on H3

OTransposition operators

let Coc CutCtn cn with Ciao 13 for each i Eh it

Ther we defhe TRANS as follows

TRANS exchanges Co E d Cri en_is and Co Ct 1CEH Cm

and leavesany other basis unchanged

for exampe TRANS switches 0100s and 101103

and leaves other basis unchanged

Swap and permutation operators

There is another importat multicubit operator which is not a controlled type
Swap gate Swapl bob b bo

swapgate canbe implemented with three CNorgate.bg 6i 16 oE
proof bog bs

tbtrebgie.Li90bmb.t
os1botob.mn

bob 2 5 bo b1IDbolDCbotb.l7

Now note that theXORgate is commutativeand asucitathe



bobb bot b bobo b is bobbil bo bobbinㅎ bo

biltObotoblzbo.Apermtangate.Let
ie sn beguen permutation on o n 13

The quantum permutation operator Ui is defined by

Ul bo bny biobi is bi Inn
Fron the abstractalgebraclass we obtain the following

Pope It can be implementedby a quantumcircuit that uses

nt Sumpgates or 37 3 cNotgates respectively

Ancillary and erasure gates

So fr wehave introduced various unitary gates which canbe used as

building blocks of more complex quantum circuits

However in constructionof many other quantumgates we need tno types

of quantumgates thatdonot implement unitary operators

Ancillary operators Erasure operatrs

Youcan understand thosegates that inserts dummy qubit traces out
dummyqubit

et's jump in with exempt Implementation of C U



Ancillarygate
Erasegate
tr traceout

The arcilla dos a plays a role to determine allco c s is 1 or not

Through 424 as moves to Coc s and ais moves to Go G.cz

Through The controlled u gate acts m asand to

and apply U U to the target qubit to

Through 445 4 Two tofligets takes back aos as to theiroriginalstate o

and tracesout them

21 hm3.7.12 tracing out the ancilla doesnot charge otherqubit

Hence he hare rice implementation of clot



Quantum circuits Revisited Rui.fication

DE Aquantum circuit Q is specified by to positive integer n at k

and a finite sequence qo qui ni of input qubit

for each IE Zn Gi contains the following

i a tuple of quantumgates thatone either
ga

ancillarygates

all unitary gates
all eras we gate

2he information about How the arcilla qubits are initialized

Where they and inserted

or

Which qubits the unitary or erasure gates are applied

Atmost are gate is applied to each qubit

In this example we have ne4 k 7

q Two ancillary gate initialize them to 10 lasert them behind the controlqub



GGi k Not gate applied to laos la respectively

q CU gate applied to Its

G Gyi k Not gate applied to las laos respectively

G To erasure gate traces out laos and a

그 The size of a quantum oirat n t k

anakin tracing out an produce mixed state result

But if the ste of a composite system AB is separable

byCorollary 3.7.17 tracing out system B means mitty
the conegordy quentin bite

The quantum circuit as a operator does not need to be unitary

but evey quantum circuit can be transformed into a unitary q.c
1 Remove all ancillary

gate and add corresponding qubits as input

2 Remove all eraswegate and add corresponds qubits as output

The result is called Purif it in of Q

Purification of A



Real the classical universality theorem

Thml7.12_r.hr all boiler function f GoR 50,137

p ENo p Elf lf a reversible circuit Pr with Dr1 0 Iflf

that uses only Toffoli Not Not gates st Pr implements

h 0,3 40,137240,1 40,37 50,3 7 90,13

with h e o yl n o y fna ke So13 yEso 13

an analogy we can deduce the following result

had let f So So13 then there exists a quantum irani t Q

of size Off thatonly uses Toffoli ancillary erasure gates

and implements the quantum opera

UiHnim Harm 1 1 i Y f.ie

flBy the 1.1.12 q.c Qr which implements

Ur Hn Hnn Hm Hn HntpAHm.Urlis15 g 15710 1 Ifn

Then construct Q from Qr by the following method of reverse purification

i 7 int

Q t.to
g L gfciiio8in Em
Canciliarygate Q r erasuregate



elementatien of controlled operators

This section we discuss the implementationofgeneral controlled operators

first we present the implementation of ECU ii3e.IE
yDPropositin4.9l_Every unity operator Ven has a square root

ie veurs.tv U

pf Doaspactal decomposition of U Σ 7P

let V IBP where B is a square root of

VE BMP Pn 독AP V is anitem

For example Vex for V til I ix

k.ptX PAK A 1 1R 기 I

V xtknaltik.sn_1 Then V1at Pets U lot i lol
Then If ae set V α It βX for t.ee we have AB1 α β i

i V II Ex ELI ix

Using the square root of the operator we can implement the CCUgateas follows

10 10 10 9 69CP12.1S 10 gItin Its Otto Dt

Description Ceo a 10이 Its is es E es Es
ko N 1011 Its VIE VV Its VUIts t

Co G1 11.01 Its Its V Its V0Its ts

co c 1 1 1 Its VIts V Its V1ES U It



Using this we can construct Toffoli EC gate

Or there exists another Implementation

a

CD stt100
t

Note that T.si 영함 T.EE e s

EE
1005 100

and the redpart
acts as IE 이

110 1107he Ue STT59 캶 so 59
103

1115 1155113 i1117
115 E 이 13

both to 41 its moves to HT Xix TXTXH It

HDXDXDXD'XH ES H i H t i x

113t 一一 Is 11 fix t 11S is i XIts 1115X1t

I To i 10 1 Its moves to HTTtx TT XH It HXXH ES 1t

101St 101St

Colt 1,0 Its moves to H TXT Txt HIts 1h 10 Its 110s

io 0 0 Its moves to HTT'TTHES Its lost 100 t



by we can use toffoligate as our building block

Weclaim the following

Proposition 4.9.10 Let U be unitary operates on Him and let k EN

Then we my implement ck u using 2k 2 CoNot Toffoli gate
are C logate be ancillary erasmeget

e.ptThe idea is ushy toffoligate make the j th aelia qubits to iii lose
and apply C lol gate with control qubit9.3.1藏a

and target qubit Its

thenmake the arcilla back to their initial qubit lo by appling toffoligate agi

This idea is illustrated as follow

Read the algorithm 4.9.9

Using this proposition and some gate we can implement the generalized contledget
Theaen49B_sleta.ci T be pairwise dissont subsets of Z let me lil so

and assure that Te Gi in itm it Let Ube unitary operator on Him

set ko Col k e ki l k bthe

Then the unity operator C TU can be implemente by a q



y

that uses 26 Panli Xgatec 2h2 Toffoli gates one chul gas
and k n ancillary eraswe gates

hen how can we implement C U gate for UE Ed ttp with k 2

A Unknown pass to chap 4 12

Universalsets of quantumgates

ecall that GNANDI or ANDOR Not3 are universal it mems tf Go i 0,13

there exists an implementation of f that uses only thegate from S

However in quantum gates the things are little bit different

Ien4sn lets be a set of quantumgates suchthat new and

every unitary operator V on Hn
ㅋ
q c that implements U and uses onlygates fromS

then 5 is uncountable

ft Canside the rotationgates such as Rilo

Then what can we do Approximation

first we define the dislace between the operators

dU Us any operator on Hm ECU or supSku vilesl leseHn seles 13
sane with operator norm in fictional analysis



he following proposition gives actual meaning to a ECU v

3oposition4.8.3_r.li unitary operatrs on th

O Observable with spectral decomposition Σ APa

Then ten and quantum state 14 EHn we have

Kulas Blues v les e v les ECUiv

f Use Cauchy Schwarz and Geese 2.438 llplull 1411

Now we can dethe universalsets of quantumgates

Def4.8.4 1 Wasay S is universal for a set T of unity quantumoperators if
본 so VET Jury V which can be implementedCup toglobalfact

H a q.ci that uses onlygates from S ancillary erasure and ECUVICE

2 Wesay tht S is universalfor quantum imputation

if S is universalfor the et of all unitary quantum operators


