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1. Preliminaries

Def: • (G. *) group if

-

g.ht G ⇒ g# LEG
- g-xth-xk-lh-xk-gtg.tn .

KEG

- JEEG :

g-ie-e-xg-gtgc-G-V-g.cc3-g-
' EG : g +g-

'
= g-

' *g-- e

• Suppose (G. ×) is a group .

HEG is a subgroup of G if (H,
*) is a group .

Def : T : ✗ →Y incredible if

7s : Y→ ✗ : SCTCD) ) =P +PEX

1-(Sla )) =D to EY
T " : = S inverse of T

2. Symmetrie : einverleibte functions from some Set to itself

presening some feature of the Set
.

e.g. 1
.
Rotations

5% preserve the square3J p
^ 5%

JEP is the some as 7%
>

JE
, JE

,

doesn't preserve the square

H 1- ÷ Pa
,
then the inverse of T is T

"
= To

The Square was 4 rotation Symmetrie : 0T FIT .TT?ET

2
. Reflections

\

,

1
,

① The Square has 4 reflection symmetrien
- - -

T
-

②
'
i ③

^

Another example : The circle has
"
Continuous

"

symmetry.
s



3
. Groupe of symmetrie 2

① Group of Symmetrie of R
"

Def : T: R" -R" Vector Space Symmetry of Rn if

- Yu
,
WER" THW) = Tv) +Tlw)

1- (an) = atv)
- T einverleibte

so T is an einverleibte linear transformation

Recau : • T: Rn - Rn linear transformation

⇒ JMTEJY (MR) : TW) =Mtv VTETR"

• Conuersely , eoery MEH (n.IR) defines a lin
. transformation

TM : R" → IR"
s
v ↳ Mv

.

General linear GLln.IR) - h MEMIn.IR) : detM¥0 }
group :

E GLCR" ) = 4T : R
"
-R
"

: T linear and rinuertible }

→ Chaim : ( Gun
.

R)
,

•

„„*) ) and ( GLCIR" )
,

o ) are groups

Pf : Ex ( use det (MN) = detM .
detN)

Special linear slln.RS = h MC-JYln.IR) : det M -- 1- }
group :

= SUR" ) = YT : R
"
→ Rn : detMT =L }

→ Chaim: - Sun.IR) is a subgroup of Gun .R)

- SLLR" ) is a subgroup of Gilpin) .

② Group of symmetrie of Eudidean space ITT
→ preserve Eudidean distance

T: ☒ → pi : - T einverleibte

- T linear transformation *)
- T isometry : FP

, QER
'

HTTP) -17031k = HP- QIK

Orthogonal group in Eudidean Sense : OIR) : = 4T : IR
'
- IR
'

as in (*) }

→ Chaim:(011122)
,

°) is a group reflection across a line

through 10,0) WI angle Lg
Pf : Ex Fx with positive ✗ - axis

sins cosa ) ' ( Wt" ""✗ ) : xc-io.su) }→ aaim: Ocz;D
= { ( °" - ""

sina.com



Pf: E : het ME 012
,
R) : = { MEJYI2.IR) : TME OCR) } .

Then 3

- HTM 11,0) Hz = II (1,0) - (o.o) Hz = 1-
,
11T/0,1) 112--1

n
- 1-(1,0) = ( Cosa

,
sind) , ✗C-MIZ ] Tzkh! \

•

THO)
- 11711.0 ) -Tlaidlk = ß ÄH _ -

>

→ -410,1) =/ - sind ) or Ico , 1) =/sind
.

"

"

"
"

"

cosa -cosa )
"

•

Trio, ')

=
: easy ☐

→ Clain : 012.IR) is a group

Pf : Ex : Tarot . Tönt =TÄ = Tüte Tarot

Tüte Tret = Tret
Ltßgn

Tief . Tja = Tito
,

Tito Tief = Trat
✗- ß

Romane : • set of all rotations is a group :

SO (2.R) Special orthogonal Group

• set of reflections is NOT a group

③ Group of symmetrien of Eudidean space IR
>

(Kh)

Preserving the distance = Preserving the dot product

"Pilz = p.PT
HTW) -Tlw) 112 = Itv-Witz <⇒ Tv) . Tlw ) = V. w tu

,
WEIR"

1- ein
.

Pf: ⇐ : Htv) -Tlw) H
,
= HTW-w) Hz = TW -w) - TW - w)

= d-w) . er-w) = Itv-WII
,

⇒ : HTW) - TW) /{ = Hu -WII
,

⇒ (TW) - Tlw) ) . (TW) -TW) ) = (kw) - tv- w)

⇒ Tw) .TW) - 2 Tlw) -

TW) +Tlw) - Tlw) = v.v - 2kW + w - w

Take W-- O : HTW) - Mo ) Ik = HTWJH
,
= Itv- OH

,
= Hung WER"

⇒ NIE - ZTIW) - TW) + IWIE = IWIE -2kW + "WIE

⇒ Tlw) - TW) = W - v twittern
☐



01112° ) = 4 TEGLIR
'

) : T presents the dot product } Ltudidean) 4

orthogonal
→ Clain: OUR

' ) is a group group

Pf : - IEOIR' )
- SIE 011123 ) ⇒ T.SE OHR] )

,
since

TEAR) SEOIIRI)
(Tos) (u) . (Tos)(w)= Tlslu)) > TISIW)) = Sw) - Stw) = v.w

- TEOIIR) ⇒ T-' EOCR' ) , since

Yay ER
>

3- v.WER
}

: TW) -×
,
Tlw) -- y

→ T
-^
(a) . T

- '
(y) = v. w = TW) - Tlw) = ✗ -

y
☐

SOIR) = LTE OCR' ) : detlt) =L } rotation group / special orthogonal
group

→ subgroup of OUR})
Q : what is the matrix group correspondenz to OUR

] ) ?

A : O(3,112) = 2M£04 (3,
R) : MTM = I

}
}

→ pf : het S : R
>
→ Ro : Sev) = Mr WEIR?

SW) - Stw) = (Mr) . (Mw) = (MVJTIMW) = VTMTMW = VTIMTM)w (x)

Therefore SEOIR') <⇒ MTM - Is (take hej , w
-
- ei in (*))

.

☐

→ Chaim : 013, R) is a group

Pf : - I
} EO (3,1/2)

- Ms
, Ma C- 013

,
IR) ⇒ (Mr Mz )TIMM) = MÜHT MDM2 = MIMz = Ins

⇒ MME 013,112)

- ME 013,112) ⇒ MTM = Is ⇒ det MT- detM - d ⇒ (detM¥ 1
⇒ detM = 1=1-+0

⇒ 7M" : M- M
-

1--1-3
⇒ MTM . µ

-1
= Ig . M

- I
=) MT= µ -1

MEM
- I

⇒ (µ- 1)TM -1 = (MTITM -1
= M .

M " = I
}

☐

Bernard : O (n ,R) = hMEJYln.IR) : MTM = In } orthogonal group of degree n
over real neunten

San .IR) =3 ME Oh,
R) : dit M = d } Special orthogonal group of degree n

over real runter



④ Group of symmetrie of Lorentz plane R
'

(spaeetime) g-

Def. D Thm : Lorentz product on R? It
,
x) - Hin) : = tz tz - 4K

has the following propeszies : - Symmetrie
- bilinear
- nondegenerate

Pf: Ex

Lorentz LCRZ) = 4T: RZ - RZ : T linear
,
TW) . Tlw ) = v. w tu

,
WEITE}

group :

→ Chain: CHR)
.

. ) is a group
Pf : - If LCIR)

- STELLTE) ⇒ T.SE LKR)

- TELIR)
,
Tlv) ⇒ ⇒ v. w = TW) - Tlw) =D teuer

⇒ ✓=D

⇒ T inuertible

Let v. WER? Then

J-x.ge/R2s.t.Ttx)--v,Tly)--w.ThenT-'lv).T-'lw)--x-y--Ttx).Tly)--v-w

☐

Group of Lorentz LTTE) =3TELCR) : detct) = 1}
rotations

→ Chain: LTTE) is a subgroup of LVR)

Pf : Ex
.

Q : what is the matrix group cornesponding to LIR) ?

A : L ( 2.IR) = 4MEHR.IR) : MTCM = C } ,
C = ( ! ! )

: : : :D( ( 4. a) = IM c-SUHR) : MTCM - C }
,
C- ( °

.

_

! ! !
→ Pf: 1) We show 212in) corresponds to LCR)

.

Let S : → DE st. Siu) =Mv tvER

Sw) . Scw) - (Mv) - (Mw) = (MIT C (Mw ) = VT (MTCM ) w

Therefore SELCRR) <⇒ MTCM = C
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2) We show that LKR) is a group :

- IELC2.IR)

- Ms
, Mzc-LK.IR) → (MZMNDTCIMZM) = MITMIC MDM,

MZELCZR) MELLER)
= MTCM

,
= C

-

LetMELC2.R.ThenMTCM-_c-_@etMT.detC
= detc

→

⇒ detrt = 1=1 =/ 0

⇒ 7M -1 : MM
- '
= M

- '
M = I

⇒ (M
-1)TMTCMM - '

= (M-' TCM
- '

⇒ (MM
-1) T C MM

- '
= (M

-

1)TCM
- '

⇒ II

Bet : sinh (a) = ein _ e-&

z
,
eoshlx) = e

"
+ e-

✗

hypersolic trigonometrie
2

'

functions
✗ER

→ tlx
, y) : ✗2-y

?
=L ⇒ Jack : (Ky ) = (cosht, sinha )

✓ n

*
→ Companie : sind)

,

costa)
,
✗ER Circular trigonometrie functions

+(Ky) : ✗4-y
? / ⇒ Joar : (Ky) = ( Cosa,

sind)

Gn

>
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2++12 .IR)

coshia) ) s ( •Shk) -sinha)
sinhia) sinha) - coshca) )ceaim : LKR) =

÷%µnd reflection of 1st Kind dt)( - coshla) Sinha)
Sinha) -argh") ) ) ( - •Shk) - Sinha )

Sinha) coshca) )rußigen
, µ an, an,

II.R)
Pf : Let ME LKR) and lit T be the Correspondenz linear
transformation . Let 171,0) = (ab) , 1-( 0,1 ) = (c.d)

Assurne a > 0
.

• 1- (1,0 ) . 171.0 ) = (1
,
-0) . (1,0) = 1 =) a

"
- b2-1

⇒ J ✗ ER: THO ) = (coshlx)
,

Sinha) )

• 1-( 1,0) - T (0,1) = ( 1.0 ) - (0,1) =D ⇒ ac - bd = 0

⇒ ( = bdg = sinkst d
coshla)

• 1- (0,1) . Mal) = ( 0,1) . (0,1 ) = -1 ⇒ E- d? -1

⇒ Is - (3%-23)^-1
⇒ eosfiia) - Sink' /a) dz = z

coshz (d)

⇒ d? cosh
'

(a) ⇒ D= ± cosh (a)

⇒ 1-10.1-7 ( G ) = ( sinha) ) or Twin) = ( - Sinha) )coshla) - coshlx)

Assune a. <O : Ex
.

Clain : 242 .R) is a subgroup d- LKR)

2+12,12) is a subgroup of LKR)

Pf : Ex .
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⑤ Generalization : T: Rn → Rt linear transformation

v. w nondegenerate symmetrie bilinear form

V. w = VT(w

Then v. w = Tv) - Tlw) <⇒ MTCM = C

→ OUR") general orthogonal group
Remain : - If C = MTCM is anti-symmetrie ([= -C) , then

Spark) is the symplectic group (classical hie group)

- By Sylvester 's theorem
, euery finite -dim.

neal

Vector Space with nondegenerate symmetrie bilunear

form has a basis st .

C- diag (
± 1)

r: = # ( +1) = Signature of the form


