
















8 KIM

Remark. By using the geometric series:
∞∑
k=0

xk =
1

1− x
, |x| < 1,

we can find the taylor series of log(1 + x) at x = 0 as follows:

log(1 + x) =

ˆ x

0

1

1 + t
dt =

ˆ x

0

∞∑
k=0

(−1)ktkdt =
∞∑
k=0

(−1)k
xk+1

k + 1
= x−x2

2
+
x3

3
−x4

4
+· · · , |x| < 1.

Then,

log(x) = log(1 + (x− 1)) = (x−1)−1

2
(x−1)2+

1

3
(x−1)3−1

4
(x−1)4+· · · , |x−1| < 1.

Definition. For M ∈ GL(n,R), the natural logarithm of M is defined as

log(M) := (M−In)−
1

2
(M−In)

2+
1

3
(M−In)

3−1

4
(M−In)

4+· · · =
∞∑
k=1

(−1)k+1

k
(M−In)

k,

provided that ∥M − In∥ < 1(using ∥(M − In)
m∥ ≤ ∥M − In∥m, we can show if

∥M − In∥ < 1, the matrix-valued series will converge)

Proposition 4.8 (Properties of the logarithm function). For M ∈ GL(n,R) and
A ∈ M(n,R), we have the following:

(1) The series for log(M) converges for ∥M − In∥ < 1.
(2) When A is near On, log

(
eA

)
= A. And when M is near In, e

log(M) = M .
(3) If M1 and M2 are near In and log(M1) and log(M2) commute, then

log(M1M2) = log(M1) + log(M2).

Proof. (3) Since M1 and M2 are near In, we can write

X = log(M1), Y = log(M2),

where X and Y are near On. Since X and Y commute, by Prop4.1(2),

M1M2 = eXeY = eX+Y .

Since exp is invertible, and therefore one-to-one near On ∈ M(n,R),
log(M1M2) = log

(
eX+Y

)
= X + Y = log(M1) + log(M2).

□


