Cht O puometer sohgroups and the expotentiol

Definition. (1) (Matrixz) Lie group is a closed subgroup G of GL(n,R). i.e., G MQ?
is a subgroup of GL(n,R) and satisfies the following condition: If a sequence

of matrices {Ar} C G converges in GL(n,R), then limg oo Ax € G. (Use
G < GL(n.R) to denote that G is a matriz Lie qroup.)

Since L((G) is defined as the collection of derivatives of smooth curves in G, one may
ask how many different smooth curves we actually need to describe it. To answer this
question, we will study one-parameter subgroups and the matrix exponential today.
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with v : R = R\ {0}. Assume v : R - GL(1,R) = R\ {0} is a one-parameter
Plg subgroup of GL(1,R) and set y(1) = b > 0(b > 0 is because homomorphism maps
——. identity to identity; v(0) = 1 and 7 is continuous 7(0) and (1) have the same sign
by the intermediate value theorem).
(1) For each a € R, v(ma) = y(a+ -+ a) = v(a)---y(a) = (v(a))™ for all
positive integer m.
(2) Using the result in (1), v(m) = b for all positive integer m.
(3) Use y(m)y(—m) = y(m + (—m)) = v(0) = I, = 1 to show that y(—m) =
(v(m))~" = b~ for all positive integer m.
(4) For any n,m € N, since n/m > 0, v(n/m) > 0 by continuity and the interme-
diate value theorem. Then,

_ n ny\\m n "
" =(n) =9 (m . —) = (’* (—)) == oy (—) = bhm,
m m m

Combining this with (3), we have (t) = b for all t € Q.
(5) Since ~ is continuous, for each t € R, we can take a sequence of rational
numbers {r,} such that r, — ¢ as n — oco. Then,

() = v (llm tn) = lim (t,) = lim b = b’

n—roo n—oo

(6) Finally, set a =logb € R, then we have

Y(t) = bt = elloBb)t — ot

and since 7(t) is smooth and v(0) = I;, we have 7v/(0) = a € L(G).
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Proposition 4.1 (Algebraic properties of the exponential function). Let A, B €

M(n,R). @Oﬂ I
(1) exp(O,) = I,. = 7
(2) If AB = BA, then exp(A + B) = exp(A) exp(B). @A 3 @A )

(8) For any A € M (n,R), exp(A) is ??’M)P?“t?blf’ and (ex A)]l = e:g,p(—A)( A y
(4) For any A € M(n,R), exp(AT) = (exp(A))T }Q@ & )
(5) For any A € M(n,R), P € GL (n, ]R , exp(PA pr(%%)}:) 1 B @_A

Proof. The proof is basic but somewhat lengthy (alcﬁatlons ﬁqgonﬂ the details
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Proof. (1) For diagonal matrix A = diag(ay,...,a,), we have

tr(A)

OFA e’ = diag(e™,...,e"") = def(e""‘) =e®...eMm=e

or a diagonalizable matrix A = PDP~!, where D is a diagonal matrix and P €

n,R), we have
det (e’ ) d(,t( FRE ) = det(PeDP—l) = det.(cD) = e'(D) = etr(4),
8 A< MR st W)= det (P

el -corf D{@t(@ J R GLOR) U)el_dpf
@@ﬁw ]R) A—J(jﬁ GL RO o - COﬂJﬂ (BX d@fj (D*ﬁ’t)
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i = det Le -Q
the MUR) —— T —7 AUR [ (A= GOEA)
vk, Actigy © “ = dot(67) det (27
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Remark. By using the geometric series:

1
k _
E et =10 lz] <1,
k=0

we can find the taylor series of log(1 4+ x) at x = 0 as follows:
o0 k+1 2 .3 4

o1 g~ T [ Ry
log(1 = —dt = —Dktkdt = —1)F =g——t——F- -
og(1 + ) /0 . /0 kEO( ) k§0< e Rl s SRR

Then,
1 2, 1 3 1 4

log(z) =log(1+ (z —1)) = (x—l)—§(x—1) —1—5(;1:—1) _Z(:C_D +oo0 =1 < 1.
Definition. For M € GL(n,R), the natural logarithm of M is defined as
log(M) := (M—1,) 1(M I )2+1(M L) 1(M L)'+ i (=)™
(0] = —in )T T —din Py —4in) T —in Tt =

& 2 3 4 g
provided that |M — I,]| < 1(using ||[(M — I,)™| < ||M — L,||™, we can show if
|M — I,|| <1, the matriz-valued series will converge)

(M_[n>k7

Proposition 4.8 (Properties of the logarithm function). For M € GL(n,R) and
A€ M(n,R), we have the following:

(1) The series for log(M) converges for |M — L,|| < 1.
(2) When A is near Oy, log(e?) = A. And when M is near I,,, €M) = M.
(3) If My and My are near I,, and log(My) and log(Ms) commute, then

log (M, Ms) = log(My) + log(Ms).
Proof. (3) Since M; and M, are near I,,, we can write
X =log(M), Y =log(Ms),
where X and Y are near O,,. Since X and Y commute, by Prop4.1(2),
MM, = eXe¥ = Xt
Since exp is invertible, and therefore one-to-one near O,, € M(n,R),
log(MiMs) =log(eX™) = X +Y = log(M;) + log(Ms).



